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CYLINDRICAL COORDINATES
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P: (X0 Yor Zo)
P: (107 @, ZO)

(X = pcose
Ty =psing
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X O<p<2r

cartesian coord.

cylindrical coord.

SURFACE ELEMENT
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‘ SPHERICAL COORDINATES

P: (X0 Yo, Zo) cartesian coord.

P: (r, 6, ¢ spherical coord.

r=x+y?+7°

(X =rcosgpsiné O<p<2r
sy =rsingsing O<O<rx
« (zZ=rcosd
SURFACE ELEMENT
rdé —
O dS =€ r’sin6ddde
=T nédo

VOLUM ELEMENT

dV =r’sin@drddd e




PROBLEM 1

Calculate: HS K dS_ where the vector field is; A= (X,¥,2)

and S is a cube (length 2 each side) centred in the origin.
(a) In a direct way (using the parameterization of the surface)

(b) Using the Gauss theorem

SOLUTION (a) ﬂs A-dS = ZHS A-dS
Z
T Let’s start with S;
| S, 1- parameterization of S;:
Sl N
— > y = 1
. x| <1t =F(u,v) =(u,1,v)
3 u—-1->+1
/ | |Z| < 1 vi-1->+1




2- Integral calculation:

[ A-dS =] [ A(F(u,v))- [—x%)d
or
6u_(100)>:>(a_rxa_r):(o1o)
or ou oV o
—=(0,0,2

oV J

L A-dS = f_llf_ll(U,l, v)-(0,1,0)dudv = j_llj'_lldudv —4

Due to the symmetry of the problem we have: L A-dS =4

:>jjj-d§=2j S_K-ols?=6-4=24

(b) S is a closed surface = we can apply the Gauss theorem

_gﬂ-d§:jydivﬂdv

— 6,
divA = A, + Ay + A, =1+1+1=3
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= [[A-dS = [[[3dv =3v =3.2° =24
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PROBLEM 2

Calculate ” K.dS_ using the Gauss theorem
S

where the vector field is: A=, y3, %)

| | X°+y*+12° =R’
and the surface S is a half sphere defined by:
X+y=>0

SOLUTION

But S is NOT a closed surface!
So we can consider the surface
Stot:S_I_Splane

fﬂlﬂ-ds_zgjdivﬂdv

Stot

H/S-ds‘zﬁﬂ-ds‘—sﬁ A-dS

S Stot plane




A C _ A . A . Q So we have transformed a surface integral
j_[ A dS o I_[I d IVAdV _‘] A dS into a volume integral minus another surface integral
vV S What is the advantage?

S plane .
They can be calculated much easier!!

Let’s consider the second integral.

. {x2+y2+22£R2
plane

X+y=0

ON Spjane X=-y

A=(x%, v, 2% = A=(x%,-x%, 2%

On S, the vector is perpendicular to n = ” :K\-ds_z()

S plane

Let’s consider the first integral. Spherical coordinates

_ _ 0
”jdivAdV with  divA = dat + A A 3x*+3y*+3z° =3r°
Y oX oy 0



since  djvA = 3r?

due to symmetry
—

= 1 -
j\_/”dlvAdV :Ev'!p'[idIVAdV

3r* r’sin@drdéde BIdgo_[sm@d@jr dr =

sphere
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PROBLEM 3

Calculate the line integral of the vector field: A= (y +2X, X° + 2, y)

along the closed curve: {T(U) = (cosu,sinu, f(u)) with  f(0)= f(2x)

u:. 0-2r
(a) directly ,
(b) using the Stokes’ theorem T
SOLUTION

defined by (cosu, sinu, z)

y
The curve is on the cylinder AR

On the cylinder the curve
Is defined by z=f(u)




SOLUTION (A)

We will calculate Lz\-dT :J.b K(T(u))-g—rdu
a u

dr ( . df)
— =| —sinhu,cosu,—
du du

A(T(u)) = (sinu+2cosu,cos® u+ f (u),sinu)

:>j A-dr :r”(sinu+2cosu,c032u+ f (u),sin u)-(—sin u,cosu,ﬂjdu =
L 0 du

—_[Zﬁsin2 udu —Zrﬂsin u cos udu +f”cos3 udu +_[2”( f (u)cosu +£sin ujdu —
0 0 | 0 | 0 du

. 27 2z
—[E—szu} —[sinzu]h{sinu—lsin%} +[f(u)sinu]” =—=
2 4 |, 0 3 0 0




SOLUTION (B)
_"K-dT:“‘ rotA-dS
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— =(1-1,0-0,2x-1)=(0,0,2x -1
OX oy ( ) ( )

Y+2X X*+z Y

rotA is in the z-direction = ” rotA-dS =0 /\\
St

Iﬂ-dfz_” rotﬂ-dgz_” rotﬂ-dg=”(0,0,2x—l)-ézdxdy:_”(Zx—l)dxdy
L S S, S, S

cylindrical coord.
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i J.OZE Jj (2pcosep—-1)pdpde = 2_‘.02” cos ¢d ¢I:p2dp —J.OZE d gof(jpd p=-2r {%2} =—7
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